INTRODUCTION
The principal aim of the differential colorimetry is perhaps to find a system of color representation which is homogeneous and isotropic, i.e., a uniform color space. Such a system would offer certain advantages, especially for the technical procedures, because minimum perceptible differences (differential chromaticity thresholds) would be represented as circles with the same size in the chromaticity diagram.
Many studies [I. 31 have worked towards this aim. Certain of these analyses have used various systems to represent differential color or chromaticity thresholds obtained experimentally from real observers. The experimental results suggest a theoretical line element on one hand, on the other, test line elements which are based on color-vision models.
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Mbtrique de I'cspace de la E O U~C U C Uniformit6 des systh" de reprbsentation de la couleur La courbure sealaire de I'espace de la couleur comme une source d'information sur I'uniformitk des systemes de reprbentation de la eouleur Aside from this experimental procedure there is the possibility of theoretically studying whether or not this uniform color system is feasible. Several theoretical studies [4, 61 have rejected feasibility on the basis of geometric arguments which take into account the sectional-curvature parameter. Different algorithms have been proposed to obtain a uniform color system [3] . including newly proposed algorithms [21-none of which completely solve the problem.
Although it would be ideal to obtain a uniform color space, it would also be useful to find a representational system which approaches the objective. In this work we analyze from a theoretical viewpoint (with arguments derived from the study of color space in the form of a Riemann manifold) the possibility of finding a color system in which the differential chromaticity thresholds are circles of different sizes, i.e. an isotropic color system. Though not the ideal solution, it is an advance to transform an element of line in the form :
(where x, and y represent the coordinates in the initial representational system and g,, the coefficients of the metric) to an element in the form :
(where U and U represent the coordinates in the new system and H ( u , U ) the function that determines the ratio of the thresholds). This produces an easier line element that would simplify the computations. We will also work in three dimensions, studying the theoretic possibilities of finding an isotropic color system. We will first study the chromaticity plane under the heading isotropy of the chromaticity differences and later make a general study of color under the heading isotropy of color differences.
J . Optics (Paris), 1993, vol. 24, n' 6 fined in a neighborhood and generally not explicit) does not solve our problem, it indicates that the problem was initially well defined, as opposed to certain problems of differential equations. We have approached the question from an exclusively analytic standpoint wihout obtaining information about the color space in the form of a Riemann manifold. First, we will examine some mathematical concepts.
Conformal Metrics and Scalar Curvature
Let g and g * be two metrics (line elements in a colorimetric context) over a manifold (the chromaticity diagram). Two metrics are said to be conformal if there is an application w from the manifold to R with ':
In this case we have [8] the following differential equation, which relates geometrical parameters that can be determined from the coefficients g i j and
where p and p * represent, respectively, the scalar curvature of the manifold with the metrics g and g * and A, is the Laplace operator with respect to the metric g. that transforms locally the metric g * into the metric euclidean (because both metrics, g * and the euclidean one, have the same constant scalar curvature). In this case, there is a coordinate system (noted U, U) in which
where 6 i j is the euclidean metric. If we use the notation described in the introduction :
The function H = exp(-2 . o ) would be the term which would modify the ratio of the circle and would thereby allow us to obtain an isotropic element of line. As we have indicated above, if p * = 0 the Eq. (7) simplifies, obtaining :
ISOTROPY OF CHROMATICITY DIFFERENCES
Developing an isotropic system from a theoretical line element is the equivalent of finding a coordinate transformation :
which transforms the line element from form (1) to form (2). Given that :
and substituting (4) by (2) and comparing the results with (1) we obtain :
au au au au ax ay ax ay
In these expressions (5) we can obtain the coefficients g, using elements of line deduced from experimental results or from different vision models.
In the Eqs. ( 5 ) we can replace H ( u ( x , y), u(x, y ) ) by H ( x , y ) . if we cannot determine H ( u , U ) and we can determine H ( x , y ) as we will see later. Note that it is a formal question and the incognit is the same, the function H. Aside from not knowing the functions U and U, neither do we know the function H. Analytically we know that these unknown functions can be found locally [7] . Although this local solution (dewhere the incognit is w ( x , y). Note that if we have any metric g (in our case, the metric g will be a line element of the color space) that verifies the Eq. (9), it is possible to find a local coordinate system in which this metric takes the form (8).
The advantage of solving this equation is that we can determine the function H
[H = e v -2 . 0 (x, y))l in the system of Eqs. ( S ) , markedly simplifying this system. But it is more important to know (it will be our principal objective) whether the Eq. (8) has solution in the chromaticity diagram, because if we cannot solve the equation, or have only a coherent solution in a neighborhood, we would not obtain an isotropic system, independent of the transformations U and U.
We have based the problem on geometrical arguments, to obtain information inherent to the color space by means of the element of line g. Although this problem is based on a theoretical approach, experimental results in differential colorimetry are very important and will be included with the election of the element of line g. This is an important difference with respect to other theoretical proposals of an isotropic space [9].
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Method
To resolve the equation given by ( S ) , if we start from a known element of line (9,) we know the components of this equation since the expression of the Laplace operator is :
where 9'' represents the inverse matrix of g,, (9" g , = 6,, being a,, the Kronecker delta. In this paper we will use the so-called summation convention : there is an implicit summation over repeated indices) and g = (gll . gZ2 -q l 2 ) . The Eq. (7) is a second-order partial differential equation :
where the functions of the first member are obtained from the coefficients g,, comparing the terms of the Eq. (9) with the Eq. (IO). On the other hand the scalar curvature is known from the values g,, with the expression : It should be noted that in the two-dimensional case i, j, k, 1, m = 1 , 2 are the coordinates x and y. To iesolve the equation we chose the Stiles' theoretical line element [4] because it fits the experimental results of McAdam well (for computations, we will not take into account the factor IO4 in the coefficients of the metric g. 9,) and is one of the most used theoretical line elements. In this sense other theoretical line elements [4] defined in all the chromaticity diagram (i.e., Schrodinger) may be used, but we have chosen the Stiles's line element because its agreement with experimental results in differential colorimetry.
The manner by which the metric coefficients are obtained in the space CIE(x, y)-1931 from the element of Stiles in the ( R , G , B ) system is described in Color Science (41. With the aim of simplifying somewhat the computations, we start from Stiles' element with high luminances :
Although the functions a, p, 7, E , 4 were determined exactly from the coefficients g i j , these functions have a high number of terms and are very complex. Taking into account the values of the chromaticity coordinates x and y : 0 x , y c 1, we made an second-order expansion in Taylor's series around the value (0.333, 0.333) (a usual reference in colorimetry, it represents the chromaticity coordinates of the equal-energy stimulus). Under our conditions this expansion represents a very good approximation of the functions. This expansion was done with the programming language Mathematica obtaining the following values for these functions : Once having obtained the terms of the equation, we proceeded to solve it with the finite-differences method [ l l ] , with this method the differential equation is discretized, thus resolving in a net of points. The critical matter in resolving these kinds of equations is the selection of the domain and the boundary condition. We have chosen the domain : (defined by a square) : 0 s x, y s 1 ; in this domain there are points without physical existence, and once the equation is solved, we will not take these points into account (fig. 1) . Axes x and y were sampled with an interval of 0.05, obtaining a set with 441 points, 80 of which correspond to the boundary of the square and the values of these were to be fixed by the boundary condition. We chose the boundary con- 
Results
Table 1 presents the chromaticity coordinates of the points studied (we have selected a set of 25 from the 441 points distributed throughout the chromaticity diagram), the euclidean area of the Stiles' element ellipse and the euclidean area of the circle (circle area = T . dsZ/H, in our case dsz = 1) associated to w (x, y ) ) around the points. The first thing ,to point out is that the finite-differences method converges, giving a solution at all the points of the net. Therefore we can deduce that this method is well founded and that the isotropy problem may have a solution within the limits marked by the theoretical element of line used. In short the obtained results are consistent with the existence of an isotropic element in the chromaticity plane. Table I shows that the values of ellipse area according to Stiles' element and the values of the circle area associated to H = exp(-2 . w (x, y ) ) are of the same order, this means that in the isotropic system the magnitude of the (euclidean) areas would be of the same magnitude with respect to Stiles' element. Although there is to point out that the circle areas show a minor dispersion (they would be more uniform) than the areas according to Stiles' element : the standard deviation were 0.404 and 1.629 respectively. We must take into account that we are analyzing numerical values associated to the function H ( x , y ) not to H ( u ( x , y), u ( x , y)), but the conclusions conceming to area dispersions are valid because the functions u ( x . y ) and u ( x , y ) do not modify the values of H, they only transform the chromaticity diagram. Figure 2 shows the circles in the (x. y ) system corresponding to the points of Table I . [In the figure we have taken into account the factor in the areas; the circle radii are 3 times their actual lengths.] Solid curves show lines of approximately H ( x , y ) constant. As a reference, we have plotted the CIE-spectrum locus (dashed line), although with this metric the CIE-spectrum locus would not be the same. With the finite-difference method the equation (8) is solved in a discrete domain -in our case with an interval of 0.05 in each axe -thus, with this method we cannot determine the spectrum locus (although it is not the objective of our study).
Besides, some points of the spectrum locus are very close to the boundary of the domain of the differential equation, being a great numerical dependence with the boundary condition.
According to these results it would be possible to use a variety of techniques to find the transformation 
As we have shown before, this transformation is the equivalent of determining whether any metric is i conformal to the'euclidean metric. In dimension two it is always possible locally, and globally under certain conditions such as those which we have analyzed, hut in dimension three it is not generally possible even locally. It is known that Helmothz's line element is equivalent to the euclidean metric [51. However, these three-dimensional line elements have not provided good experimental results and do not agree with the current color-vision models ; this accounts for the new line elements which have been proposed. For these line elements, different stages make the mathematical coefficients of the terms dR, dG and dB in the RGB-system to he complicated. general Vos and Walraven line element. Since we wish to know whether the tensor CON is null and this condition is independent of the coordinate system used, we will refer the line element to the coordinate system ( F , S, L ) throughout the transformation :
In these cases it is difficult to know not only whether this metric can he transformed to an euclidean one but also whether it is conformal to an euclidean. Here we offer one geometric criterion that provides a necessary and sufficient condition for any tridimensional line element to he locally conformal to an euclidean metric (i.e. conformal in a neighborhood). A line element which does not satisfy this condition will not he locally conformal to the euclidean metric, and therefore not globally conformal either. Such a condition derived from Weyl's theorem is [8] : " A metric is locally conformal to euclidean if and only if the tensor field (2, I ) (we will call this like CON) the components of which in function of the coordinates g, are : aiai represents aiax, alay and ala2 for i = I, 2 y 3, respectively.
Results and Discussion
As an example of the method explained here, we will calculate some elements of the tensor field CON for the Vos and Walraven line element with low luminances which is an easier expression of the where L represents the luminance, and F and S the chromatic signals. In this coordinate system, given the complexity of the calculations of the equation (15) we calculated the coefficients of the tensor CON with the Marhemarica programming language. When one element is not zero, the tensor is not null. The value of con:, is : -3 2 ' 1 , + 1 6 q . demonstrating that it cannot he, in general, null. In the case q 1 = q, = q, = 1 we observe that con:, = 0. This result was expected in this particular case because the Vos and Walraven line element takes the form :
2 dR2 dG2 dB2
which is an euclidean element throughout the transformation x ' = Z ( X ) "~ ( x ' = R', G', E' ; x = R, G, E ) . This situation is analogous with the other elements of the tensor CON. We have provided a geometric criterion to determine if a tri-dimensional line element can be transformed to an isotropic line element ; it may he a good criterion from a practical viewpoint in order to develop new elements of line.
CONCLUSIONS
Results obtained from the analysis of the scalarcurvature associated to Stiles' line element show that it is possible to find a color system in which differential chromaticity thresholds were circles of different size. Chromaticity diagram with this structure shows a minor standard deviation than in the case of the CIE-chromaticity diagram with the Stiles' line element. This isotropic transformation would he very practical (numerical methods from experimental results may he important in order to obtain it) and the anisotropies detected in the discrimination tasks would he solved with an isotropic line element. In the three-dimension case the criterion derived from the Weyl's theorem offers new information in order to analyze some characteristics (or possible transformations) of line elements.
